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Abstract—A new approach for calculation of wavelet basis for
multiscale wavelet decomposition of digital images is proposed.
Two, three, four and five sub-band filter banks for decomposition
and restoration of images are presented.
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l. INTRODUCTION

The concept of digital image multiscale analysis with finite
spatial spectrum consists in a representation of signal
waveform as a sequence of approximations from a coarse one
to more fines on different slots of base domain [1-3].

Previously two-channel frequency decomposition has been
usually implemented in signal coding — low frequency (LF)
and high frequency (HF) as shown on the Fig. 1.

Upplh) | )
h(n) 24 —lb 24 K (n)
U Analysis : Synthesis e
2(m) 2y H 2t K (m)
Uypl(k) | Puplk)
H(x)| Glx)|
Low Pass Filter High Pass Filter
v

0.5 1.0

Figure 1. Block diagram of a two-band system of sub-band transform and
coding.

II.  TwoO-BAND FILTER BANK

A new method for calculation of wavelet filter banks useful
for image decomposition in presented here. Orthogonal finite
impulse response (FIR) filters with either an odd number of
tuples and linear (zero) phase frequency response (PFR)
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(Fig. 2), or with an even number of tuples (Fig.3) are
commonly applied [4].
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Figure 2. Pulse response of LF (a) and HF (b, c) odd tuple wavelet transform
filters.
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Figure 3. Pulse response of LF (a) and HF (b) even tuple wavelet transform
filters.

In the first case if LF and HF wavelet filters may be
represented as follows:
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N
H(x) =h, +2> _h, cos(znx),
n=1

M
G(X) = g, +2)_9,, cos(zmx),

iy 0<x<1 @
H(x) =h, +23"(-1)"h, cos(znx),
G(X)=g, + Zi (-)"g,, cos(zmx),

and the reverse filter forms may be derived as:

{H-(z) -Kh(2) +G(2)-Kg(2) =0, )

H(z)-Kh(z) +G(z)-Kg(z) = 2,

where using of the minus sign corresponds to co-phase
placement of LF and HF filter tuples as in Fig. 2 (a, b) and
using the plus sign corresponds to shifted placement of LF and
HF filter tuples as in Fig. 2 (a, c).

The determinant of the equation system equals to the
following constant:

min{N,M}
Abzz[hogo+2 z (—1)"hngnJ (3)

n=1

and in this case

H(0)=h, +2§N:hn =42,
n=1

H@) =h, +22N:(—1)”hn =0,
"W (4)

G(0)=g,+2) .9, =0,

GW) =g, + 23 (-1"g, = 2.

Accounting for the need for N + M + 2 equations to solve
the system by parameters h,, 0 <n<N, and gm, 0 <M <N, itis
worth to equate to zero the even moments of functions H(x)

and  G(x) H®"(x) r=1,2,3,... and

x=0or x=1 '

G(Zp)(x)

x=0o0r x=1" p= 1’ 2’ 3'

Amplitude frequency responses (AFR) of some filters
calculated according to the algorithm described above are
illustrated on Fig. 4. These filters are identical to the filters
used in JPEG2000 standard [5, 6].

In the second case (Fig. 3) frequency characteristics of
respective filters may be obtained as:

q 2n-1
H(x) = 2§ Neansyr2 COS(”T X),
n=1

2m-1 ©)

M
G(x) = —ZjZ 9an_1yr2 SIN(T X).
m=1

And the filter calculation defined as:

(6)

H (x)- Kh(x) +G(x)- Kg(x) =0,
H (x)- Kh(x) + G(x)-Kg(x) =2,

2n-1

_ N
where H(xX) =2j>_ (-1)"h,, . Sin(z X) ,
n=1

ML), Kh(x) =6(x),

B M
G(x)= _22 (=D)" 9om 1y COS(7
m=1

Kg(x)=H(x).
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Figure 4. AFR of analysis and synthesis wavelet filters 5/3 (a) and 9/7 (b).

AFR of some filters calculated according to the second
algorithm are illustrated on Fig. 5.
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Figure 5. AFR of analysis and synthesis wavelet filters 2/6 (a) and 20/20 (b).

IIl.  THREE-, FOUR- AND FIVE-BAND FILTER BANKS

The approach presented above may be used for calculation
of multiple-band wavelet filters banks.

On the Fig. 6 a block diagram of a three-channel system of
sub-band coding and decoding is shown, and Fig. 7 presents
pulse responses of LF (a), MF (middle frequency) (b) and HF
(c) filters.

LF, MF and HF wavelet filters may be represented as
follows:
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Fig. 8 shows some examples of three-band filter
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Figure 6. Block diagram of a three-band system. On the Fig. 9 a block diagram of a four-band system of sub-
band coding and decoding is shown, and Fig. 10 depicts the
hy pulse response of LF pass filter (a), lower middle frequency
(LMF) pass filter (b), higher middle frequency (HMF) pass
filter (c) and HF pass filter (d).
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Reverse filters are calculated as follows: Low >< Low High \/ High
pass  fmiddle pass  middle pass|  pass
filter filter filter filter )
Ho (X)Kh(x) + B, (X) Kb(x) + G, (X)Kg(x) =1, R " -
Hy (X)Kh(x) + B, (X)Kb(x) + Gy (2)Kg(2) =1, (8)

H, (x)Kh(x) + B, (x)Kb(x) + G, (z2)Kg(z) =1.

Figure 9. Four sub-band system.
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Figure 10. Pulse response of LF (a), LMF (b), HMF (c) and HF (d) wavelet

transform filters.

Here we have:

N
H(x) = 22 h, ./, COS

- ﬂXJ'
7Z'X)

D(x) :ZZdI_M sin ZIT_ﬂXj
1=1

”XJ.

C(x) = ZZC s cos

K . [ 2k -
G(X):ZE O12 Sm(
k=1

Calculation of the reverse wavelet filter
characteristics is performed using the following system:

Fig. 11 gives examples of four-band filter characteristics.

A block diagram of a five-band system of sub-band coding
and decoding is shown on the Fig. 12. Fig. 13 illustrates the
pulse response of LF (a), LMF (b), MF (c), HMF (d) and

H, (X)Kh(x) + D, (x)Kd (x)
C (x)Kc(x)+G (OKg(x) 1,
H, (X)Kh(x) D, (x)Kd(x)+
Cy ()Ke(x) Gy (2)Kg(z) =1,
HA(x)Kh(x) D, (x)Kd(x)+
C,()Ke(x) G,(2)Kg(z) =1,
H, (X)Kh(x) + Dg, (x)Kd (x)
Co(X)Ke(x)+Gg (2)Kg(z) 1.

HF (e) pass filters.
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Figure 11. AFR of four-band analysis wavelet filters 4/4/4/4 (a), 6/6/6/6 (b)
and 8/8/8/8 (c).
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Figure 12. Five sub-band system.
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a3

Figure 13. Pulse response of LF (a), LMF (b), MF (c), HMF (d) and HF (e)

wavelet transform filters.

In this case we have:
N
H(x) =h, +2>_h, cos(nzx),
n=1

D(x) = ZjZL:d, sin(lzx), d, =0,

R
B(x)=2j) b sin(rzx), b, 0, or
r=1

R
B(x) =b, +2> b, cos(rzx),
r=1

M
C(x)=2j) c,sin(mzx), ¢, O,

m=1
K

G(X) =g, +2)_ 9, cos(kzx).
k=1

Calculation of the reverse wavelet filter

characteristics is performed using the following system:

Ho ()KN(X) + Dy (x)Kd (x) + B, (x)Kb(x) +
C (OKe(x) G, (WKg(x) =1,

(
H, (x)Kh(x)+D (x)Kd () + B, (x)Kb(x) +
C (MKe(x) Gy(z)Kg(z) =1,
H, (x)Kh(x)+ D, (x)Kd(x)+ B (x)Kb(x)+
C (xKe(x) G,(2)Kg(z) =

H (x)Kh(x)+D (x)Kd(x)+B (x)Kb(x)+
C (Ke(x) Go(2)Kg(2) =

H@(X)Kh(X)+ D (x)Kd(x)+ B (x)Kb(x)
C ()Ke(x) G (2)Kg(2) =

Fig. 14 shows some five-band filter characteristics.
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Figure 14. AFR of five-band analysis wavelet filters 5/5/3/5/5 (a), 7/5/7/5/7
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(b) and 771111717 (c).

IV. CONCLUSION

A new method for multi-band wavelet filter bank
calculation was presented. This method allows to create both
standard filters (for example, filters used in JPEG2000
standard) and filters with characteristics needed for special
purposes, particularly for multi-band wavelet decomposition of
images.
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